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Abstract
In this work, the Kaluza-Klein reduction of the Dirac equation on a 6
dimensional spacetime M1+5 := M1+2 × S3 is studied. Because of the
group structure on S3, M1+5 can be seen as a principal SU(2) bundle
over the model Lorentzian spacetimeM1+2. The dimensional reduction
induces non-minimal SU(2) couplings to the theory on M1+2. These
interaction terms will be investigated by comparing with a minimally
SU(2) coupled Dirac equation on M1+2. We hope that these results
may help us to understand non-abelian interactions of topological in-
sulators.
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1 Introduction
In recent years, topological insulators have been studied excessively by both
theoretical [1], [2] and experimental physicists [3]. They are characterized
by the non-trivial topological properties of its valence band bundle. It is a
subbundle of the trivial vector bundle of Hilbert spaces, that Bloch Hamil-
tonians act on, over the base space that is the Brillouin zone torus [4].
They can be described by s spatial dimensional bulk band structure and by
bulk/boundary correspondence, they have s− 1 dimensional surface modes
which are typically described by Dirac Hamiltonians. Topological invariants
of the bulk differentiates the phases of systems whose Hamiltonians have the
same symmetry [5]. For example, an s = 2 dimensional topological insulator
without time-reversal symmetry can be described by its first Chern number
ν ∈ Z, and its quantized Hall conductivity is given by σ = −ν e
2
2π , where
e is the electron charge. By using the symmetry properties of these Dirac
Hamiltonians, free topological insulators are classified in any dimension [6].
Some of the methods about this classification use dimensional reduction
techniques [7]. Even though there are some progress [8], [9], the complete
classification of interacting topological insulators is missing. We hope that
our work can be useful for this classification.
In this paper, we consider the Kaluza-Klein reduction of the Dirac equa-
tion on a 6 dimensional spacetime M1+5 := M1+2 × S3, where M1+2 is a
3 dimensional Lorentzian manifold with vanishing first and second Stiefel-
Whitney classes and S3 is the 3-sphere. S3 can be endowed with SU(2)
group structure, so that M1+5 can be seen as a trivial principal SU(2) bun-
dle over M1+2. The group structure on S3 presents itself as minimal and
non-minimal SU(2) gauge couplings to the reduced theory on M1+2. We
believe that these couplings may help us to understand the topological in-
sulators in artificial gauge potentials. A method for the creation of artificial
non-abelian SU(2) couplings is developed in shaken optical latices by means
of periodic forcing [10].
The main idea of the dimensional reduction is that one embeds the model
spacetime into a larger manifold equipped with a fibre bundle structure over
it. Then one investigates the physical quantities on the larger manifold and
deduce their contributions on the model spacetime. After some related ideas
of Nordstro¨m, dimensional reduction was used by Kaluza and Klein in order
to unify the only known forces of that time: gravity and electromagnetism.
Starting from a pure gravity theory in 1 + 4 dimensions, they obtained the
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Einstein-Maxwell theory in 1+3 dimensions. Although there were problems
with their approach, generalization of their ideas about dimensional reduc-
tion for non-abelian Lie groups [11] has been widely used in physics [12].
Before presenting our calculations, we outline the necessary mathematical
structures in order to understand the Dirac equation and Kaluza-Klain re-
duction. In the second section, we discuss real Clifford algebras and spin
groups over arbitrary spacetimes and give their properties [13], [14] and [15].
In the third section, we start by explaining smooth bundle structures [16]
and define the spin structure in terms of them [17]. We, then, discuss the
construction of global spinor fields over arbitrary spacetimes. After that, in
the section four, we shortly summarize the ideas behind Kaluza-Klein reduc-
tion. Then we reduce the Dirac equation on M1+5 =M1+2× S3 and discuss
our results by comparing them with minimal SU(2) couplings on M1+2.
Similar calculations in the language of differential forms can be found in the
literature. Dimensional reduction of different Yang-Mills couplings on S3
can be found in [18]. Dirac spinors interacting with gravity and electromag-
netism is considered as a 1 + 4 dimensional geometry in [19]. Reduction of
spinors coupled to dilaton gravity can be found in [20].
Here, we summarize the conventions and notations of our paper. We use
Einstein’s summation convention and natural units ~ = c = 1. To sepa-
rate quantities with frame indices on different spaces, we label them with
uppercase Latin letters A,B, . . . = 0, 1, 2, 5, 6, 7, lowercase Latin letters
a, b, . . . = 0, 1, 2, Greek letters α, β, . . . = 5, 6, 7 for M1+5, M1+2 and S3
respectively. These indices will be raised and lowered by the metric of its
spacetime which is a non-degenerate, symmetric, covariant tensor of rank 2.
Notations for terms and operations on each spacetime are collected in Table
(1) below:
Table 1: Notations
Term / Space M1+5 M1+2 S3
Coordinates xM xm xµ
Orthonormal basis 1-forms EA ea eα
Connection 1-forms ΩAB ωab ωαβ
Gamma-matrices ΓA γa γα
Lorentz generators ΣAB σab σαβ
Vector fields XA Xa Xα
Hodge map # ∗ ⋆
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In this paper, exterior differential forms on a smooth manifold will be used
extensively. Hence basic definitions and notations are summarized in the
following paragraph.
Let M be a smooth manifold. The set of all exterior differential forms on
M , ΛM := ⊕np=0Λ
pM , forms a graded skew-commutative algebra over the
space of smooth functions C∞M , with the wedge product (anti-symmetrized
tensor product) ∧ : ΛpM×ΛqM → Λp+qM , where ΛpM is the set of exterior
differential p-forms on M and n is the dimension of M . On a coordinate
chart U of M , a p-form can be written as
ω :=
1
p!
ωi1...ipdx
i1 ∧ . . . ∧ dxip , (1.1)
where {ωi1...ip} ⊆ C
∞U . On this chart, the exterior derivative d : ΛpM →
Λp+1M acts on ω as
dω :=
1
p!
∂
∂[i
ωi1...ip]dx
i ∧ dxi1 ∧ . . . ∧ dxip , (1.2)
where [ ]-brackets denote the anti-symmetrization of indices. There are
two more important operations acting on ΛM . One of them is the Hodge
isomorphism ∗, provided thatM is endowed with a semi-Riemannian metric.
It is a map ∗ : ΛpM → Λn−pM , defined as
∗ ω :=
1
p!(n− p)!
ǫ
i1...ip
ip+1...in
dxip+1 ∧ . . . ∧ dxin , (1.3)
where ǫi1...in is the totally anti-symmetric Levi-Civita symbol with ǫ1...n = 1.
The other one is the interior product ιX with respect to a vector field X on
M . It is a map ιX : Λ
pM → Λp−1M defined by
ιXω :=
1
(p − 1)!
Xi1ωi1...ipdx
i2 ∧ . . . ∧ dxip , (1.4)
where X := Xi ∂
∂xi
with {Xi} ⊆ C∞U on the coordinate chart U .
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2 Clifford Algebras
Let Rt+s be the n = t+ s dimensional real quadratic vector space with the
quadratic form Qt+s : R
t+s → R
Qt+s(u) := −
(
u21 + . . .+ u
2
t
)
+
(
u2t+1 + . . .+ u
2
n
)
, (2.1)
where u := (u1, . . . , un) ∈ R
n. Let {ei} be a basis of R
t+s such that Bij :=
Bt+s(ei, ej) = diag(−1t,+1s), where Bt+s : R
t+s × Rt+s → R is the bilinear
form defined by the polarization identity
Bt+s(u, v) :=
1
2
[Q(u) +Q(v)−Q(u− v)] . (2.2)
A Clifford algebra (A, ν) over Rt+s is a unital associative algebra A generated
by the field R and the quadratic space Rt+s under the linear embedding
ν : Rt+s → A, 1 7→ 1A, ei 7→ Γi, (2.3)
subject to the anti-commutation relation
{Γi,Γj} := ΓiΓj + ΓjΓi = 2Bij1A, (2.4)
where 1A denotes the unity in A
1.
In physics, the Clifford algebras that one encounters is the unique univer-
sal Clifford algebra. The universal Clifford algebra over Rt+s is denoted
by (Clif(t, s), µ), or simply Clif(t, s). Universality means that for every
Clifford algebra (A, ν) over Rt+s, there is a unital algebra homomorphism
β : (Clif(t, s), µ)→ (A, ν) such that the diagram
R
t+s Clif(t, s)
A
µ
ν
β
commutes. For every quadratic space, there is a universal Clifford algebra
and it is unique up to unital algebra isomorphism. Moreover, a Clifford alge-
bra is universal if and only if it is 2n dimensional as a real vector space. The
generators {Γi} of Clif(t, s) are called gamma-matrices of R
t+s. Clif(t, s)
is canonically isomorphic to the exterior algebra ΛRt+s via
1Clif(t,s) 7→ 1, Γi 7→ ei, . . . , Γi1...in 7→ ei1 ∧ · · · ∧ ein , (2.5)
1A Clifford algebra can be defined with respect to a more general quadratic form over
a vector space.
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where the product of two generators are given by
ΓiΓj =
1
2
[Γi,Γj] +
1
2
{Γi,Γj} =: Γij +Bij1Clif(t,s). (2.6)
Clifford algebra Clif(t, s) is intimately related to the orthogonal group
O(t, s). O(t, s) acts on Clif(t, s) via automorphisms. The orthogonal trans-
formation ei 7→ −ei induces an automorphism whose action turns Clif(t, s)
into a Z2-graded algebra:
Clif(t, s) = Clif0(t, s)⊕ Clif1(t, s), (2.7)
where Clif0(t, s) and Clif1(t, s) are spanned by products of even and odd
number of basis elements respectively.
The even subalgebra Clif0(t, s) is closely related to special orthogonal group
SO(t, s) and its double cover Spin(t, s), namely the spin group. Equipped
with the Lie commutator, Clif(t, s) is a Lie algebra. Because, the special
orthogonal Lie algebra so(t, s) is isomorphic to the space of 2-forms Λ2Rt+s,
it is Lie a subalgebra of Clif(t, s) under the injective homomorphism:
ei ∧ ej 7→
1
4
[Γi,Γj] =
1
2
Γij , i 6= j, (2.8)
where, ei ∧ ej is the image of rotation generator in so(t, s) which infinites-
imally rotates the plane spanned by the vectors ei and ej . Exponentiating
so(t, s) in Clif(t, s) yields the identity component of spin group Spin(t, s).
There exists a short exact sequence of groups given by
1 −→ Z2 −→ Spin(t, s) −→ SO(t, s) −→ 1. (2.9)
The homomorphism ϕ˜ : Spin(t, s)→ SO(t, s) is a double covering with ker-
nel Z2.
The Clifford algebras are semi-simple algebras and by Wedderburn’s theo-
rem, are represented by finite dimensional matrix algebras over the normed
division algebras R, C or H. The representations are classified by the di-
mension n = t+s and the signature s−t up to Morita equivalence. A spinor
is defined as an element of the representation space of a faithful, irreducible
projective representation of Spin(t, s).
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3 Spin and Spinor Bundles
In order to define spin bundles, we need to discuss principal fibre bundles
and their associated bundles. These geometric structures have ubiquitous
applications in physics.
A smooth bundle is a triple (P, π,M) where P (called the total space) and
M (called the base space) are smooth manifolds and π : P →M is a smooth
surjective map. Moreover, it should be locally trivial, i.e. for every open
chart U of M , there exists a diffeomorphism φU : π
−1(U)→ U ×F for some
typical fiber F which is also a smooth manifold. The smooth bundle is called
a vector bundle if F is a vector space and the local trivialization maps are
linear isomorphisms of vector spaces. The smooth bundle (P, π,M) is called
a principal G bundle if there exists a smooth right action ⊳ : P × G → G
of a Lie group G (called the structure group) on P , which preserves the
fibers Pm := π
−1({m}),m ∈ M and acts freely and transitively on them.
Moreover, g 7→ p ⊳ g is a diffeomorphism for all m ∈ M,p ∈ Pm between G
and Pm. The action is transitive on the fibers, so M is homeomorphic to
the space of orbits P/G and we have a principal bundle isomorphism
P
M
π
∼=
P
P/G,
π˜
where π˜ : P → P/G is the quotient map. The principal bundle isomorphism
consists of two diffeomorphisms (H,h) such that the diagram
P P
M P/G
H
π π˜
h
commutes. The principal G bundle π : P →M is locally a product space of
the base manifold M and the manifold G. Since the right G action is free
on the fibers, they have a G-torsor structure which means that they carry
the group structure without a specified identity element.
Given a principal G bundle π : P →M , and a vector space F equipped with
a smooth left G action ⊲ : G×F → F , we define an associated vector bundle
πF : PF → M as follows: Let PF := (P × F )/ ∼ where (p, f) ∼ (p
′, f ′) if
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and only if there exists g ∈ G such that p′ = p ⊳ g and f ′ = g−1 ⊲ f . Also,
the projection map is defined as
πF : PF →M
[p, f ] 7→ π(p). (3.1)
where [p, f ] is the equivalence class containing (p, f). The associated bundle
πF : PF → M is a vector bundle with base M and typical fibre F carrying
a representation of the Lie group G.
In the context of spin bundles, one starts with the base manifold M of di-
mension n which models spacetime. One constructs the linear frame bundle
π : LM →M of M where
LM :=
⊔
m∈M
LmM (3.2)
and elements of LmM are the frames spanning the tangent space TmM , that
is LmM :=
{
{e1, . . . , en} | TmM = span{e1, . . . , en}
}
. The general linear
group GL(n,R) has a smooth right action on the frames given by an element
g =
(
gij
)
∈ GL(n,R):
ej ⊳ g := g
i
jei, for each j ∈ {1, . . . , n}. (3.3)
Hence the linear frame bundle is a principal bundle whose structure group
is GL(n,R). This construction is always possible over M without any extra
structure. If M can be endowed with a semi-Riemannian metric g of sig-
nature s− t, then we can construct the g-orthonormal frames. Considering
the bundle of g-orthonormal frames π : OM → M , reduces the structure
group from GL(n,R) to O(t, s). Furthermore, if the manifold’s first Stiefel-
Whitney class w1(M) ∈ H
1 (M ;Z2) vanishes, then it is orientable. If M
is orientable, we can consider the bundle of oriented orthonormal frames
π : OOM →M where the structure group further reduces to SO(t, s).
In order to be able to discuss the spin frame bundle or shortly spin bundle
on M , there is a topological obstruction similar to the orientability of M ;
the second Stiefel-Whitney class w2(M) ∈ H
2 (M ;Z2) of M should vanish.
If M is spinnable, then the spin bundle2 3 of M is defined as a principal
2Inequivalent spin structures on M are in one-to-one correspondence with the coho-
mology classes in H1 (M ;Z2).
3In particular, S3 has vanishing first and second Stiefel-Whitney classes. H1
(
S
3;Z2
)
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Spin(t, s) bundle π′ : SM →M together with a principal bundle morphism
(ϕ, idM ) to π : OOM →M given as the commutative diagram
SM OOM
SM OOM
M M,
ϕ
⊳′
ϕ
π′
⊳
π
idM
where ⊳′ : SM×Spin(t, s)→ SM and ⊳ : OOM×SO(t, s)→ OOM are the
smooth right actions on total spaces and the equivariant map ϕ : SM →
OOM restricts fibrewise to the covering homomorphism ϕ˜ : Spin(t, s) →
SO(t, s), i.e. φ(p ⊳′ g) = φ(p) ⊳ φ˜(g) for p ∈ SM, g ∈ Spin(t, s).
Then the spinor bundle ofM is an associated vector bundle π′H : SMH →M
to the spin bundle with typical fibre H equipped with a smooth left action
⊲′ : Spin(t, s) × H → H. H is a Hilbert space that carries a faithful,
unitary, projective representation of the spin group Spin(t, s). Sheaf of
smooth sections Γ (SMF ) :=
{
ψ : M → SMF | π
′
F ◦ ψ = idM , smooth
}
of
this bundle consists of the spinor fields on M . In physics, one usually uses a
local patch of coordinates defined only on a coordinate chart U ⊂M . This
yields local sections Γ (SMF , U) of SMF over the set U . Then, one can
glue the local spinor fields on the intersections under the sheaf or locality
condition to get one global spinor field over M . A spinor field ψ on a semi-
Riemannian manifold M with the metric signature s − t satisfies the Dirac
equation, which can be expressed in a coordinate invariant way as:
/Dψ = m ∗ ψ, (3.4)
where /D is the Dirac operator on M and m ∈ R≥0 is the mass of the spinor
field. It is a first order differential operator of the form
/D := ∗γ˜ ∧D, (3.5)
where γ˜ := γ˜ae˜a is the gamma-matrix valued 1-form given by the orthonor-
mal basis 1-forms {e˜a} and gamma-matrices {γ˜
a} of M . Gamma-matrices
is trivial, so that it admits a unique spin structure. Additionally we assumed that M1+2
also admits a spin structure. Hence, a spin structure and spinor fields can be defined on
the product manifold M1+5 [21].
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of a manifold are given in terms of the smooth sections of the Clifford bundle
Clif(M),
Clif(M) :=
⊔
m∈M
Clif (TmM,Qt+s) , (3.6)
where Clif (TmM,Qt+s) is the Clifford algebra of TmM generated by the
quadratic formQt+s
4. D is a Spin(t, s) exterior covariant derivative operator
given by
D = d+
1
2
ω˜abσ˜
ab, (3.7)
where {ω˜ab} are the spin connection 1-forms
5 and {σ˜ab} are the Lorentz
generators on Mdefined as 14
[
γ˜a, γ˜b
]
.
4 Kaluza-Klein Reduction
Einstein’s general relativity explains gravity from a purely geometric per-
spective, a 1 + 3 dimensional Lorentzian manifold M , modeling the space-
time, and an energy-momentum tensor which set to be equal to the Einstein
tensor of M . The field equations and conservation laws follow from the
Bianchi identity. To write Maxwell’s electromagnetic theory on this space-
time, one has to use extra tools other than Lorentzian manifold’s geometry.
One needs to introduce a u(1) valued closed differential 2-form on M which
represents the electromagnetic field. Two of the Maxwell’s equations follow
from d2 = 0 (or again from the Bianchi identity) and the other two should
be postulated in terms of a current 1-form.
Kaluza came up with the idea of a 1 + 4 dimensional theory that combines
gravity and electromagnetism. Later, Klein added the quantum interpre-
tation and obtained that the extra dimension should be a circle of radius
4Locally Clif(M) is just Clif(t, s).
5A connection on a principal G bundle pi : P →M is the G-invariant assignment of the
horizontal subspace HpP for each tangent space TpP so that TpP = HpP ⊕ VpP , where
VpP is the vertical subspace consisting of tangent vectors to the fibre. For a matrix Lie
group G, it can be given by a set of local g valued 1-forms AU ∈ Γ(M,U, g) with the
requirement
AV = g
−1
UVAUgUV + g
−1
UV dgUV , (3.8)
where gUV : U ∩ V → G is the transition function between the local trivialization maps
on open sets U and V . Each vector field can be uniquely decomposed into horizontal
and vertical parts by the projection maps H and V respectively. The exterior G covariant
derivative associated with a connection A is the linear operator DA := H
∗ ◦d : Λp (P, g)→
Λp+1 (P, g), where Λp (P, g) is the set of g valued p-forms on P .
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comparable to Planck length (order of 10−35 meter). By starting from a
purely geometric theory for R1+3 × S1, they obtained the gravitational and
electromagnetic interactions on the 1 + 3 dimensional Minkowski spacetime
R
1+3 that we observe to live in. The theory was problematic and one of the
solution ideas was to introduce a scalar potential known as Jordan-Thiry
field which scales the extra dimensions. Nevertheless, the idea of Kaluza-
Klein reduction outreached its first aim [11] and even today its generaliza-
tions are a part of the current research [12].
Electromagnetic field can be regarded as the curvature of a connection6 on
a principal U(1) bundle over the spacetime and U(1) is diffeomorphic to the
circle S1 as a manifold. In this sense, Kaluza-Klein theory considers a 1 + 4
dimensional Lorentzian manifold P equipped with a principal U(1) bundle
structure on M where M := P/S1 is a 1 + 3 dimensional manifold which
model the extended spacetime.
This picture can be generalized for any Lie group G. In order to perform a
general dimensional reduction, one needs to consider a principal G bundle
π : P →M , whereM is a semi-Riemannian manifold with a metric g. Given
a connection (or a gauge potential) A on P and an ad-invariant metric h7
on g, one can define a bundle metric gP as
gP := π
∗g + hA, (4.1)
where hA(X,Y ) := h (A(X), A(Y )) for all vector fields X,Y ∈ Γ (TP ) and
π∗g is the pullback of g by π, i.e. π∗g(X,Y ) := g (π∗X,π∗Y ), where π∗ is
the pushforward of π defined by the commutative diagram:
TP TM
P M.
π∗
π
Next, one chooses the action density as the scalar curvature of the bundle
metric gP . Variation of this action density with respect to the metric g
gives the Einstein field equations on M . Moreover, variation with respect
6The curvature of a connection A of a principal G bundle pi : P → M is a g valued
2-form defined as F := DAA.
7It is a non-degenerate bilinear form on the Lie algebra (g, [·, ·]) that satisfies
h ([x, y], z) + h (y, [x, z]) = 0, for all x, y, z ∈ g.
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to the connection A leads to the Yang-Mills equations for the curvature of
the connection (or the field strength of the gauge field) [22].
This dimensional reduction technique can be applied directly to the field
equations, in particular to the Dirac equation. We will be working with the
Dirac equation on a 6 dimensional manifoldM1+5 =M1+2×S3, whereM1+2
is a Lorentzian manifold8 whose first and second Stiefel-Whitney classes
vanish and S3 is the 3-sphere whose embedding in R4 is given by
(y1)2 + (y2)2 + (y3)2 + (y4)2 = 1. (4.2)
M
1+5 can be seen as a trivial principal SU(2) bundle over M1+2 because
S
3 can be equipped with an SU(2) Lie group structure via the maps S3 ↔
SH→ SU(2):
(
y1, y2, y3, y4
)
7→ y1 + y2i+ y3j + y4k 7→
(
y1 + iy2 −y3 + iy4
y3 + iy4 y1 − iy2
)
. (4.3)
After the identification of S3 with the unit quaternions SH via the first
map, the group multiplication on S3 is the quaternion multiplication and
the inverse is the quaternion conjugation. These operations are smooth so
that it becomes a Lie group and the second map establishes a Lie group
isomorphism between S3 and SU(2). SU(2) is the double cover of the 3 di-
mensional rotation group SO(3) and the Lie algebra su(2) is a 3 dimensional
vector space equipped with a Lie bracket given by
[Xα,Xβ ] = ǫ
γ
αβ Xγ . (4.4)
where {ǫ γαβ } are the structure constants of su(2) Lie algebra
9. By using
the metrics on M1+2 and S3 with given SU(2) connection 1-forms {Aα :=
8A smooth manifold M can be endowed with a Lorentzian metric if and only if M is
compact or non-compact with vanishing Euler characteristic
χ(M) =
∑
i
(−1)irank(Hi(M ;Z)).
9It is a metrisable Lie algebra, i.e. one can find an ad-invariant metric on it. There is
a one-to-one correspondence between ad-invariant metrics of Lie algebras and bi-invariant
metrics of the corresponding Lie group. A metric 〈·, ·〉 on a Lie group G is called left-
invariant if
〈X,Y 〉 = 〈Lg∗X,Lg∗Y 〉 , for all vector fields X, Y ∈ Γ(TG), (4.5)
where Lg is the left action of the group on to itself by an element g ∈ G. A metric which
is both left- and right-invariant is called bi-invariant. SU(2) is compact, so negative
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A aα ea}, one can construct the bundle metric gM1+5 on M
1+5:
gM1+5 = η
ABEA ⊗ EB , (4.6)
where ηAB = diag(− + + + ++). The orthonormal basis 1-forms {EA} of
M
1+5 are given by the Kaluza-Klein ansatz:
Ea = ea(x
m),
Eα = eα(x
β) +Aα(x
m), (4.7)
where {ea} and {eα} are the orthonormal basis 1-forms on M
1+2 and S3
respectively. The Dirac equation on M1+5 is given by
#Γ ∧DΨ =M#Ψ, (4.8)
where Ψ is a spinor field on M1+5 and M ∈ R≥0 is its mass. Moreover, Γ :=
ΓAEA is the gamma-matrix valued 1-form onM
1+5 and D := d+ 12ΩABΣ
AB
is the Spin(1, 5) exterior covariant derivative.
By using the ansatz (4.7), we can express the quantities on M1+5 in terms
of the ones on M1+2 and S3. For instance, the interior product operation on
M
1+5 decompose as follows:
ιXA = ιXa −A
α
aιXα ,
ιXα = ιXα . (4.9)
Assuming a torsion-free Levi-Civita connection on M1+5, the connection 1-
forms {ΩAB} can be solved algebraically from the Cartan’s first structure
equation
dEA +Ω
B
A ∧ EB = 0, (4.10)
using
ΩAB =
1
2
[
− ιXA (dEB) + ιXB (dEA) + ιXAιXB (dEC)E
C
]
. (4.11)
Connection 1-forms are decomposed as follows:
Ωab = ωab −
1
2
F γab (eγ +Aγ) ,
Ωaβ = −Ωβa = −
1
2
F bβa eb,
Ωαβ = ωαβ −
1
2
ǫ γαβ Aγ =
1
2
ǫ γαβ (eγ −Aγ) , (4.12)
of the Cartan-Killing form Tr [adxady] defines an ad-invariant metric on su(2), where
adx(y) := [x, y], for x, y ∈ g. This induces a corresponding bi-invariant metric on SU(2)
which is unique up to scaling. SU(2) with this metric becomes isometric to S3.
12
where {Fα = dAα+
1
2ǫ
βγ
α Aβ ∧Aγ =
1
2F
bc
α eb ∧ ec} are the SU(2) curvature
2-forms. Also, we made use of the Cartan-Maurer structure equation
dea = ǫ
bc
a eb ∧ ec, (4.13)
in the last equality of (4.12) for reading the torsion-free connection 1-forms
{ωαβ} on S
3.
The Hodge duals of orthonormal basis 1-forms {EA} decompose as:
#Ea = ∗ea ∧ ⋆1 + ∗1 ∧A
γ
a ⋆ eγ ,
#Eα = − ∗ 1 ∧ ⋆eα,
#1 = ∗1 ∧ ⋆1. (4.14)
For constructing the gamma-matrices of M1+5, we use the Clifford algebras
Clif(1, 2) and Clif(0, 3) of R1+2 and R0+3 respectively. We can build up the
bases of Clif(1, 5) using the following fact: If (Ai, νi) is a Clifford algebra
for Rti+si , then (A1 ⊗A2, ν) is a Clifford algebra for R
t1+s1 ⊕ Rt2+s2 where
ν : (a1, a2) 7→ a1⊗ 1A2 +1A1 ⊗ a2. This fact amounts to saying that, we can
write down the gamma-matrices of the higher dimensional Clifford algebras
by using the smaller ones under the following isomorphisms:
Clif(t, s)⊗Clif(1, 1) ∼= Clif(t+ 1, s + 1),
Clif(t, s)⊗Clif(0, 2) ∼= Clif(s, t+ 2). (4.15)
In particular, we can write the gamma-matrices of R1+2 and R0+3 respec-
tively as
R
1+2 : γ0 = iσ2, γ
1 = −σ3, γ
2 = −σ1,
R
0+3 : γ5 = −τ3, γ
6 = τ1, γ
7 = τ2. (4.16)
Here σi, τi and ρi denote the i-th Pauli matrix
σ1 := τ1 := ρ1 :=
(
0 1
1 0
)
, σ2 := τ2 := ρ2 :=
(
0 −i
i 0
)
,
σ3 := τ3 := ρ3 :=
(
1 0
0 −1
)
, (4.17)
and they satisfy:
σiσj = δij + iǫijkσk, (4.18)
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which is a particular example of the Clifford product (2.6). Clifford bundle
of a manifold is locally the product of the manifold and Clif(t, s), so on
a coordinate chart the gamma-matrices of M1+2 and S3 are automatically
the same as the ones of R1+2 and R0+3 respectively. Hence, we have the all
necessary gamma-matrices in (4.16) and they satisfy the anti-commutation
relations:
{γa, γb} = 2ηabI2, {γ
α, γβ} = 2δαβI2,
where In denotes n × n identity matrix, η
ab = diag(− + +) and δαβ is the
Kronecker delta symbol. By using the gamma-matrices that we constructed,
we can write the gamma-matrices on M1+5 locally as follows
Γa = ρ1 ⊗ I2 ⊗ γ
a,
Γα = ρ2 ⊗ γ
α ⊗ I2, (4.19)
so that they satisfy {ΓA,ΓB} = 2ηABI8. Here, we note that M
1+5 has 8× 8
gamma-matrices, whereas M1+2 and S3 have both 2 × 2 gamma-matrices.
Due to this reason, in (4.19), we introduce ρ1 and ρ2 so that the dimensions
match.
By using this decomposition, we can write the generators of the Lorentz
algebra so(1, 5) of M1+5 in terms of the gamma-matrices and generators of
so(1, 2) and so(3):
Σab = I2 ⊗ I2 ⊗ σ
ab,
Σaβ = −Σβa =
i
2
ρ3 ⊗ γ
β ⊗ γa,
Σαβ = I2 ⊗ σ
αβ ⊗ I2, (4.20)
where
{
ΣAB := 14
[
ΓA,ΓB
] }
,
{
σab := 14
[
γa, γb
] }
, and
{
σαβ := 14
[
γα, γβ
] }
are the Lorentz generators of M1+5, M1+2 and S3 respectively.
The spinor ansatz we make for the 6 dimensional Dirac equation is:
Ψ
(
xM
)
= Ψ(xm, xµ) := ηi ⊗G(xµ)ξj ⊗ ψij(x
m), i, j = 1, 2 (4.21)
where {ψij(x
m)} are spinor fields on M1+2 and G(xµ) is a generic SU(2)
14
element10. Also, similar to (4.19), we introduce
η1 := ξ1 :=
(
1
0
)
, η2 := ξ2 :=
(
0
1
)
, (4.23)
in order to match the number of spinor components. Due to this reason, we
have to introduce four different spinor fields {ψij(x
m) | i, j = 1, 2} on M1+2.
By using the spinor ansatz (4.21) and reduced forms of the quantities onM6
(4.9, 4.12, 4.19 and 4.20), we rewrite the Dirac equation (4.8) as
⋆1 ∧
{
σ1η
i ⊗Gξj ⊗
[
(γc ∗ ec) ∧
(
d+
1
2
ωabσ
ab
)]
ψij
+σ1η
i ⊗
(
−
1
4
ǫ γαβ σ
αβ
)
Gξj ⊗ (Aγaγ
a)ψij ∗ 1
+σ2η
i ⊗ γαGξj ⊗
(
1
4
Fαabσ
ab
)
ψij ∗ 1
}
+ ∗ 1 ∧
{
σ1η
i ⊗
[
(Aγa ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)]
Gξj ⊗ γaψij
−σ2η
i ⊗
[
(γγ ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)]
Gξj ⊗ ψij
}
=Mηi ⊗Gξj ⊗ ψij ∗ 1 ∧ ⋆1. (4.24)
We can get rid of the first factors in the triple tensor product by using the
facts:
σ1η
1 = η2, σ1η
2 = η1,
σ2η
1 = iη2, σ2η
2 = −iη1. (4.25)
This decomposes (4.24) into two equations that the spinors ψ11 and ψ12 of
10For example, a generic spinor on S3 can be written with the help of Euler rotations
of SU(2):
G(xµ) = G(θ, φ, ψ) := e
i
2
τ3φe
i
2
τ2θe
i
2
τ3ψ. (4.22)
where {θ, φ, ψ} are the hyper-spherical coordinates on S3. This can be done because SU(2)
is compact, so the exponential map exp : su(2)→ SU(2) is surjective.
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upper component get mixed with spinors ψ21 and ψ22 of lower component:
⋆ 1 ∧
{
Gξj ⊗
[
(γc ∗ ec) ∧
(
d+
1
2
ωabσ
ab
)]
ψ2j
+ γαGξj ⊗
(
−
i
4
Fαabσ
ab
)
ψ2j ∗ 1
}
+ ∗1 ∧
{[
(Aγa ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)
+
1
4
ǫ γαβ Aγaσ
αβ ⋆ 1
]
Gξj ⊗ γaψ2j
+
[
i(γγ ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)]
Gξj ⊗ ψ2j
}
=MGξj ⊗ ψ1j ∗ 1 ∧ ⋆1, (4.26)
and
⋆ 1 ∧
{
Gξj ⊗
[
(γc ∗ ec) ∧
(
d+
1
2
ωabσ
ab
)]
ψ1j
+ γαGξj ⊗
(
i
4
Fαabσ
ab
)
ψ1j ∗ 1
}
+ ∗1 ∧
{[
(Aγa ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)
+
1
4
ǫ γαβ Aγaσ
αβ ⋆ 1
]
Gηj ⊗ γaψ1j
+
[
− i(γγ ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)]
Gξj ⊗ ψ1j
}
=MGξj ⊗ ψ2j ∗ 1 ∧ ⋆1. (4.27)
In these equations, we can see the Dirac operators on both M1+2 and S3:
/DM1+2 := (γ
c ∗ ec) ∧
(
d+
1
2
ωabσ
ab
)
, acting on the spinors {ψij},
/DS3 := (γ
γ ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)
, acting on the spinors {Gξj}.
(4.28)
We also have a term similar to the Dirac operator on S3, but the gamma-
matrix valued 1-form is of the form Aγaeγγ
a. The curvature of the gauge
potential appears in the equations as a coupling with gamma-matrices of
both M1+2 and S3:
i
4
Fαabσ
abγα.
Moreover, the gauge potential also couples to the equations minimally:
1
4
ǫ γαβ Aγaσ
αβγa.
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For comparison, we also write the Dirac equation for a minimally coupled
SU(2) isodoublet on M1+2. An SU(2) isodoublet is given by:
Ψ˜(xm) := G˜(xm)ξi ⊗ ψ˜i(x
m), i = 1, 2, (4.29)
where G˜(xm) is a generic local SU(2) element as in the footnote 10. {ψ˜i(x
m)}
are 2-component spinor fields on M1+2 which are coupled minimally to the
su(2) valued potential 1-form A := Aαγ
α through the Dirac operator:
/DA := ∗γ ∧DA
:= (γc ∗ ec) ∧
[
d(I⊗ I) +
1
2
ωab(I⊗ σ
ab) +Aα(γ
α ⊗ I)
]
= (γc ∗ ec) ∧
[
(d+A)⊗ I+ I⊗
(
d+
1
2
ωabσ
ab
)]
. (4.30)
The Dirac equation11 satisfied by the isodoublet (4.29) is given by:
/DAΨ˜ =M ∗ Ψ˜, (4.32)
and it explicitly reads:
(d+A)Gξi ⊗ (γc ∗ ec)ψi +Gξ
i ⊗ /DM1+2ψi =MGξ
i ⊗ ψi ∗ 1. (4.33)
To simplify the equations (4.26) and (4.27), we assume that the spinors on
S
3 are mass eigenstates of the Dirac operator on S3:
/DS3Gξ
j = mGξj ⋆ 1, (4.34)
for some mass term m ∈ R≥0. With this assumption, the equations (4.26)
11It transforms covariantly under a local SU(2) transformation U = U(xm) as:
Ψ˜ 7→ (U ⊗ I)Ψ = UG˜ξi ⊗ ψ˜i,
A⊗ I 7→ (U ⊗ I)
[
(A+ d)⊗ I
]
(U−1 ⊗ I) = U(A+ d)U−1 ⊗ I. (4.31)
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and (4.27) become
⋆ 1 ∧
{
Gξj ⊗
[
(γc ∗ ec) ∧
(
d+
1
2
ωabσ
ab
)]
ψ2j
+ γαGξj ⊗
(
−
i
4
Fαabσ
ab
)
ψ2j ∗ 1
}
+ ∗1 ∧
{[
(Aγa ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)
+
1
4
ǫ γαβ Aγaσ
αβ ⋆ 1
]
Gξj ⊗ γaψ2j
+ imGξj ⊗ ψ2j
}
=MGξj ⊗ ψ1j ∗ 1 ∧ ⋆1, (4.35)
and
⋆ 1 ∧
{
Gξj ⊗
[
(γc ∗ ec) ∧
(
d+
1
2
ωabσ
ab
)]
ψ1j
+ γαGξj ⊗
(
i
4
Fαabσ
ab
)
ψ1j ∗ 1
}
+ ∗1 ∧
{[
(Aγa ⋆ eγ) ∧
(
d+
1
2
ωαβσ
αβ
)
+
1
4
ǫ γαβ Aγaσ
αβ ⋆ 1
]
Gηj ⊗ γaψ1j
− imGξj ⊗ ψ1j
}
=MGξj ⊗ ψ2j ∗ 1 ∧ ⋆1. (4.36)
In order to observe free behavior and find the mass eigenstates of the Dirac
operator on M1+5, we ignore the interaction by setting A = F = 0. Then,
the equations (4.26, 4.27) become
ξj ⊗
(
/DM1+2 − im ∗ 1
)
ψ2j =Mξ
j ⊗ ψ1j ∗ 1, (4.37)
and
ξj ⊗
(
/DM1+2 + im ∗ 1
)
ψ1j =Mξ
j ⊗ ψ2j ∗ 1. (4.38)
These equations mixes {ψ1j} with {ψ2j}. In matrix form, we can write them
as separate equations for {ψi1} and {ψi2}:(
/DM1+2 0
0 /DM1+2
)(
ψ11
ψ21
)
=
(
M im
−im M
)(
ψ11
ψ21
)
∗ 1, (4.39)
and (
/DM1+2 0
0 /DM1+2
)(
ψ12
ψ22
)
=
(
M im
−im M
)(
ψ12
ψ22
)
∗ 1. (4.40)
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The mass matrix
(
M im
−im M
)
has eigenvaluesM±m corresponding to mass
eigenspinors
ψ±i :=
1
2
(ψ1i ± ψ2i) .
This shows that in order to have non-negative masses we should assume
M ≥ m. When m = 0, the mass matrix is already diagonal and mass
eigenspinors on compact S3 corresponds to zero modes of the Dirac operator.
5 Concluding Remarks
In this work, a dimensional reduction of the Dirac equation of M1+5 =
M
1+2× S3 on S3 is examined. Mathematical structures that one encounters
for the Dirac equation and Kaluza-Klein reduction are discussed in detail.
Throughout the paper, we aimed to follow a pedagogical path, so we tried
to point out important definitions and facts about these structures and our
calculations.
The Dirac equation (4.8) explains the motion of free spinor fields on M1+5.
The compact part S3 has a SU(2) group structure, so M1+5 can be seen
as a principal SU(2) bundle over R1+2. This bundle structure allows one
to perform a Kaluza-Klein reduction on the equation and reduce it to sev-
eral equations on smaller parts of the spacetime. After the reduction, one
gets the Dirac terms on both R1+2 and S3 with some additional interaction
terms. These interactions are inherited from the group structure of S3, so
they contain minimal and non-minimal couplings of the non-abelian SU(2)
Yang-Mills potentials. We also compared these couplings with the usual
minimal SU(2) coupling on M1+2.
Topological insulators became a really important topic after the recent de-
velopments in both theoretical and experimental fields. Free topological
insulators are classified completely by using several different methods [6],
[7]. Some of these techniques are even fruitful for the interacting ones [8],
[9]. An example of non-abelian interactions of topological insulators with ar-
tificial gauge potentials are studied in [10]. We believe that our calculations
about minimal and non-minimal SU(2) couplings of the reduced theory may
help us to understand these kind of interactions between the topological in-
sulators and gauge fields. Moreover, we hope this work will be useful for the
classification of interacting topological insulators.
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